INTRODUCTION
Throughout this paper, k will denote a commutative ring containing the rational numbers Q, and k [n] = k[x { , ... , x n ] will be the polynomial ring over k . If ƒ : k
[n] -• k [n] is a polynomial map (i.e., a fc-algebra homomorphism), then ƒ is a polynomial automorphism provided there is an inverse ƒ" which is also a polynomial map. Very little is known about the group of polynomial automorphisms, and indeed it is difficult to determine which polynomial maps are automorphisms. The purpose of this paper is to define a collection H of polynomial maps, to show that each h e H is a polynomial automorphism and that if is a group under composition, and to classify H up to group isomorphism. As a consequence, this will prove a special case of the Jacobian conjecture.
If V is an «-dimensional column vector over k [n] whose /th term is v t , then the Jacobian J(V) is defined to be the n x n matrix (dvjdx.).
Let X denote the vector whose /th term is
is a polynomial map, then g(X) will denote the vector whose /th term is g(x.). This gives a bijection from polynomial maps to vectors. The Jacobian J(g) of a polynomial map g is defined to be the Jacobian of the vector g(X). Suppose for the moment that k is a field of characteristic 0. The Jacobian conjecture states that if ƒ:
is a polynomial map with \J(f)\ = 1, then ƒ is a polynomial automorphism. It is known that this conjecture can be reduced to the case where /(ƒ) = I + M, where each term of the matrix M is a homogeneous polynomial of degree 2 [BCW] . It follows from the theorem below that the Jacobian conjecture is true, provided it can be reduced to the case where J{f)~ = I -N, where each term of N is homogeneous of some fixed degree q > 1.
Suppose q > 1 and ƒ: 
Theorem. Each h in H is a polynomial automorphism. H is a
subgroup of the group of all polynomial automorphisms on k [n] .
Furthermore, it will be shown that, up to group isomorphism, H depends only on q and r, i.e., it does not depend on n or the choice ofN.
In fact, for a fixed q, H is isomorphic to a subgroup G r of automorphisms of a truncated polynomial ring in one variable. 
upper triangular for all h E HI
We conclude the introduction with a special case of part (iii) of the main theorem. Suppose g: /r ' -+ k w is a polynomial automorphism with J(g) = I + M and M = 0. In general, it will not be true that J{g 2 ) = J{g) 2 , i.e., it will not be true that J(g)\ = J(g). However, in the case that there is t > 1 so that each term of M is homogeneous of degree t, then J{g 2 ) = J{g) 2 . The main theorem and a sketch of the proof are presented below. The proper environment for this theory is not polynomial rings, but rather power series rings. In fact, the proof depends upon an exponential map which requires this environment.
THE MAIN THEOREM
Let kr n " be the formal power series ring over k, and let I c k [[n] ] be the augmentation ideal generated by the variables {x { , ... , x n } . Denote by GA n (k) the group of all /c-algebra automorphisms ƒ on k [[n] ] satisfying ƒ = Id mod(/ 2 ). Suppose q > 1 and r > 1. Let G c GA x (k) [n] with N l exact for all ƒ > 1. (Actually the exactness of N and TV implies exactness for N l for all / > 2. See note at the end of this paper.) Suppose also that each term of TV is a homogeneous polynomial of degree q . Let Uj be the column vector Sketch of proof. Part (ii) follows immediately from part (i). The equalities stated in (iii) follow from inspection in the case where ƒ\ g £ G r . Thus part (iii) follows from part (i) and (ii). We now sketch the proof of part (i).
Let &(GA n (k)) be the Lie algebra of GA n {k). This is the fc-module of all ^-derivations D on k [[n]] with D(x i ) e I 2 for 1 < i < n . Each D is represented by a column vector -G)
, where each v. e k [[n] ] is the sum of homogeneous polynomials of degree > 2. If W is any column vector, D(W) is the column vector whose rth term is
There is a bijection Exp:Jî? (GA n 
For the case « = 1, the Lie algebra of G is
It is slightly tedious but straightforward to show that G is the image of 2f{G) under the Exp map. For the general case, define L c Jîf (GA n (k) 
Since L is a Lie subalgebra and /? is a Lie algebra homomorphism, it follows that H is a subgroup of GA n (k) and that a is a group homomorphism.
Step 1:
The first equality is Euler's formula and the second equality follows from the equations J(U X ) = N and ƒ(£/.) = ((ytf+l)/(#+l) ; ')7V 7 '.
Step 2: ƒ (
,,+ -/ A' = {iq + l)t/ /+i . These equations follow from Step 1.
Step . Thus /? is a Lie algebra homomorphism.
Step 5: a o Exp = Expo/?:^(G) -> GA n (k). This is somewhat tedious to prove, but intuitively obvious, because the formula in
Step 2 does not depend upon n .
Step 6 Final note. In the hypothesis of the main theorem, N l is exact for all i > 1. It suffices to assume only that N and TV 2 are exact, as shown by the following theorem.
Theorem. Suppose M is an n x n matrix over k [n] 
